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g-superalgebra
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Department of Physics, Simon Fraser University, Burnaby, British Columbia V5A 156,
Canada

Received 14 September 1990

Abstract. A g-analogue of the supersymmetric oscillator is constructed out of g-boson and
q-fermion creation and annihilation operators. For a fixed ng+ np=2n, (Where ny and ne
are g-boson and g-fermion occupation numbers), the irreducible representations of the
g-superalgebra generated by the g-oscillator are (2n+ 1}-dimensional. Particular cases
when g is aroot of +1 are discussed. A realization of the quantum group SU, (2) is obtained
using a pair of 1-fermion creation and annihilation operators.

Quantum deformations of Lie algebras and Lie groups [1] have been developed in the
theory of integrable systems where the Yang-Baxter equation plays a crucial role [2].
Quantum groups have found applications in lattice statistical models at the critical
temperature [3] and in 2D conformal field theories [4].

One of the simplest examples of a quantum group is SU,(2), the g-deformation
of SU(2). A realization of SU,(2), using a g-analogue of the bosonic harmonic oscillator
and the Jordan-Schwinger mapping has been achieved by Macfarlane [5] and
Biedenharn [6]. Using the same realization a theory of tensor operators for SU,(2) is
constructed in [7].

In this paper we consider a g-analogue of the supersymmetric oscillator. Naturally,
in addition to g-boson creation and annihilation operators, we introduce g-fermion
equivalents, whose anticommutation relation involves g-extension. In the ordinary
supersymmetric theory the superalgebra {81 is generated by H, Q. and Q_, where H
(Hamiltonian) is the even generator and Q.. are the odd generators of the superalgebra.
These satisfy the commutation relations,

{Q+,Q-}=H [Q., H}=0. (N

The g-deformation of this algebra turns out to be quite interesting as we shall show
below. For arbitrary values of g, any number of g-fermions can occupy the same state.
We are thus able to construct a g-realization of SU,(2) using a pair of g-fermion
creation and annihilation operators. We hope that this construction will provide us
with a method to construct a g-deformation of other superalgebras,

The g-creation and annihilation operators of the bosonic oscillator are postulated
to satisfy the commutation relations

* T =Ny/2
auaq_‘/aaqaq*'q " {2)
t Permanent address: Institute of Mathematical Sciences, Madras 600113, India.
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where g € C, and N, is the boson number operator satisfying
[Nﬂ,a:r,]=a: [Ng, a,]1=—a,.

It should be noted that, because of (2), Ny # a)a,. Only in the limit =1, Ny=a'a.
Iterating relation (2) we find,

n—1
a,(al)" —q"*(ay)"a, = Py g"*ap)q M e (3)

This relation can be used to construct an orthonormal n g-boson state:

Iy =([n1gh ™ "*(az)"|0)® (4)
where
[nlgt={nlf[n—1];...[1]1] (5)
and
n=1 q!/Z
[nlg=¢"" " ¥ ¢*= ("7 =¢""). (6)
k=0 (1—q)

The vacuum state |0)® has the property
a,]0)® = 0. (7)
The following relations can be verified.
Ngln)g =n|nyy
alimye =vn+11t jn+ )8 (8)
Sl AB__ froaB ) B
dgiAj,=vikjgn—1),.

We now introduce g-fermion creation and annihilation operators f, and f, respectively,
postulated to satisfy the g-anticommutation relation

Jofarafofe=q7"" (9)
where N; is the g-fermion number operator satisfying the relations
[Nafd=fy INs =L (10)

Iterating (9} one obtains
LY+ 0" = T DD AT

The orthonormal » g-fermion state can be defined by

1

|H)§=W(f§)"l0> (12)
where
[alt={nlila 13} (1] (13)
and
ql,fz

[n]:‘:q—(n—l)/! :i' (_q)k:: (q_””“—(fl)nq"'l:). (]4)

l1+g



A g-analogue of the supersymmetric oscillator 615

For g =1, it is seen from (12) and (13) that only |0} and f"|0} are non-vanishing while
(fH)"0 (n>1) vanish identically. We interpret this as (f')*=0(g=1). It is also
interesting to note from (14) that when g = exp(£2wi/n) for n even, [n]§= 0. Similarly
when g =exp(xim/n) (n odd) [n];=0. For these g values, the g-fermion states are
truncated at the nth level. For example, when g =¢e*'™?, no more than two g-fermions
can occupy a given state. Relations analogous to (8) can be obtained for the g-fermion
number operator N by simply replacing [n]g by [n],f Note that, once again, Ng ¢f;fq.

If the Hamiltonian of the q_Fprmlnn necillator ic taken ag

HE=3ho(fo f,— fof3) (15)
then
Hilnyy =3tw[[n]—[n+115]n). (16)

As in the g-boson oscillator case, the levels are not equally spaced.
Consider now the g-generalized supersymmetric oscillator. Construct the normal-
ized basis states

s, me) = (e IRT1ED ™2 (a ) "s(£3) ™10). (17
We introduce the odd generators Q. by

Q=af;  Q=alf, (1®)
We assume that a, and f, commute with each other. From (17) we have

Qulnp, ary = ([na]5lne+ 115 ng— 1, ne+1)

Q_lnp, np) = ([ng+ 11511 Plng+ 1, ne— 1)

N and (.g convert a g- bosoi iiiio & q-lculuun and vice versa.
We introduce the even generators N and S by

N=%(NF+NB) S=%(NF_NI;)- (20)

(19)

The following relations provide a realization of a g-superalgebra.
[N, Q.llng, ney =0
[S, Q.llns, np)=£Qx|nn, ng
{Q+, QHny, ne)
= H|ng, ng)

21
=(g " [n" 1+ g7 [n"]ing, ne) -

1 -N N+8§_ S 1 -5 -N
— -0 ———5 - )} nahg)
{(quz 1/2)[‘1 q”] q'”*q 173 (g q |ngng

[N, Sllns, ney=0.

These refations illustrate the general structure of a superalgebra, [E, E]~ E,[E, 0]~
0, 10,07~ E for the odd € and even £ generaiors. The abstract commutation and
anticommutation relations of the g-deformed superalgebra can be read off from (21}.
It is seen that this algebra is generated by the set {N, S5, Q,, Q_}. N and § generate
two commuting U(1) groups, while the odd generators contain both N and § in their

anticommutator. The U(1) group generated by § decouples from the superalgebra and
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the Hamiltonian coincides with the number operator for the case g=1. Since Q.
commute with only N, we may take the ‘Hamiltonian’ of the g-super oscillator to be
the total number operator N, so that one has g-supersymmetry for the system. If the
Hamiltonian H is defined as {Q,, Q_} in analogy with the g =1 case, then H is given
in (21) by H|n,, ne)=(g~"[ne]§+ ¢~ "*[ng])|ng, ne). This is an interesting gen-
eralization of the g =1 case where H = N+ N¢. However H does not commute with
Q. and thus is not invariant under the g-superalgebra. One finds a similar property for
the two-dimensional g-harmonic oscillator studied in[5]and [6]. The SU_(2) generators
do not commute with the Hamiltonian of the oscillator. Nevertheless, since the deforma-
tion of SU(2) has the property that it preserves the dimensions of highest weight
representations, the 20 harmonic oscillator energy eigenstates can be classified by
SU,(2) highest weight representations. The associativity of the g-superalgebra in {21)
is easily verified by checking the generalized Jacobi identities.

It is useful to rewrite the basis states as follows. Let n and s denote the eigenvalues
of N and § respectively. Then we can write |ng, ) =|n, 5}, where ny=n—s, and
ng=n+s Then

Q.n, s)=\/[n—s]g[n+s+1]§[n, s+1)
Q_|n, s)=\/[n—s+l]2[n+s]s|n, s—1).
Q. change the s value of the state |n, sy by one. For a given n, it is clear from the
definition of the operators N and § that —n<s=n When s = —n, the state |n, —n)

(the highest weight state) is completely bosonic, while for s = n, the state |n, n) is totally
fermionic. Thus Q. are nilpotent:

(Qu""'=0. (23)
Thus for a give n, the irreducible representations of the g-superalgebra are (2n+1)
dimensional. This is of course true when g # i or one of the roots of (+1) as indicated
earlier. If g =1, Q2 =0, and all representations are two dimensional. When g =e*'"/™
(m odd), the irreducible representations are (2m+1) dimensiqnal of m<n and are
(2n+1) dimensional of m= n. The same is true when g =¢*>""™ (m even).

Finally, we construct a realization of SU,(2) using a pair of g-fermion creation
and annihilation operators. This is analogous to the construction in [5] using bosonic
PRI S P I o o o O S TNICY .1 DU L Ry VU . JURU R S
upC1Idavls. Let [ququ,_] ]qJ 2q) 0g LINE 4JdILILNduOn dafnd crgduaon Opcrdlura 10or a4 pdlr (8]
mutually anticommuting g-fermions, Form the quantities

: Tt
K,=exp[—im(N,+ N.—1}/4]f/ (") ;f;

. + - ..
K_=exp[—im(N,+ N,—1)/4]fi (o Yui Lj=1,2 (24)
K,= %( N, = N,)

0 1 0 0
+_ T =
where o ( 0 0) and o (] O)'

Let us take the basis states as
|k, nyg=|k+n, k—n)y=({k+nlg [k—nls) (1) (£1,)5770), (25)

which have the property that K;|k, n)f =n|k, n}{ and K. |k, n); ~{k, n£1]. It can be
verified that

(22)

(=g}~ "= (-q)*
(ql/2+q*l,’2)

(K., K_]lk, n)% = exp(in/2) L mr

26
[K;, K.k, myg = =K.k, n)} (26)
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As in the case of SU,(2) generators constructed in [8] out of g-boson creation-
annihilation operators, these commutation relations are verified only on kets that
terminate with the g-vacuum state. For g =1, it is readily seen that (26) verifies the
fundamental (n= +31) representation of SU(2). (This is the only representation of
SU(2) that can be constructed out of f, and £,.) For g #1, (26) can be brought to the
standard form

nK,_ n K,
[K,, K] =((q)’,—§‘*;——- @7
q —\q
[Ks, K.]=£K., (28)

by replacing g by ¢™(g")"".
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Note added in proof, In general, equation (12} must read [n}] = ([} 1}7"/2(£1)"]0), so as to be applicable
for ali values of q. This is because for g ouiside the range {0, 1), [n] ] may become negaiive or complex for
certain values of n. This prescription for defining the norm amounts to defining the dual vector to (f*)"[0)
to be 'Ol f™ where #(n) is the argument of [nf]!,
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